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The quadratic function {(x) has the following ptoperties:
(i) {(0) = e.
(i) Asx — 2 if g > 0, f{x) - +e,
ifez <0, f{x) » -,
(i) If ¢ > 0, then, from Equation (3.1),

ey » 226 = &

The minimum value (4ac — b%)/(4q) is attained when x = —bi(2a).
Ifa < 0, then

i(x) & “-"‘i—"z.

The maximum value (4ac — %)/(4a) is attained when x = -bl(24).
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3 The quadratic function and quadratic
equations
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3.1 Quadratic functions
The function f(x}, where f(x) ® 2v* + bx + c, and g, b, ¢ are constants, a # 0,
is called a quadratc funciion, or sometimes a quadratic polynomial. From
tlementary algebra
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(2) It % = dac, the curve y = f(x) Jouches the x-axis, since the equation
f(x)-= 0 then has two equal oots at x = ~b/(2a).
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(3) If 6% < dac, the equation f(x} = 0 has no real roots.

{We have seen above that when & < 0, there are no real roots of the equation
f(x) = 0. In such a situation there are always two complex roots. If we define i
to be such that ¢ = -1, then, from formula (3.2),

=h V(-l)(dae = V) -k Vidac - &Y. ]
2a 20"

x =

i k) f(X) =0 Usts ¢« (A<e) bT < Fac Fi(r)

' Al ) g
ot aasdd , f(X) =6 sl A<e thfr.:.x.p:c__a'j
iy s Bl 3 g g i B 530 )) gad Camy ) 3

i YY) dpfa sl pe l i’ = =y o5
_ —b:t\J (-1)(fac- b‘) _-b, I (\‘ac—b‘)
Ya Ya Ya
\ T
Q x / -
b <Cdac,a>0 & Cém.2<0
(/) R o Y ) (=)

WY

j'.
<2l oonl i f(X) = S (F)

v
a[(“ﬂ)‘ Yac b] —
. Ya fa¥
:>(x+—b-)‘ b - fac
Ya fa
b J (b'- ¥ac)
>x-2)=2 Y0 T2d
Ya Ya
T
I e {bf (0
a

This result has an important graphical interpretation. There are three cases to
consider, depending on whether the discriminant & = b® - 4ac is positive,
riegative or zero,

(1) If b* > 4ac, the curve y = f(x) cuts the x-axis at two distinct points. This,
taken together with (ii), cnables us to draw the sketches of the curves y = f(x)
as in Fig. 3.1.
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To solve a quadratic equation it is often not necessary to use the general
formula (3.3). In simple cases, when the roots are.integers or rational
numbers, one can often express the quadratic function in terms of its factors,
as in Equation (3.4), by inspection. The roots are then just o and B. If a
factorisation is not immec ately obvious, one may try the factor theorem

{p. 21} 10 obuain a factor.
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Example I Describe the important featires and sketch the graph of:
(@) f(x) = x* - 3r + 5,

(b) f{z) =22 - Sx + 6,
(€) fi(x) = =x® + 2x - 1.

(@) (x) = x* = 2 + 5.
(i) £,(0) = 5.
(i) Asr — >, (1) — =,

(iii) fy(x) = (x® —.3x + 5)
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graph of f,(x) is shown in Fig. 3.4.
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i f (x) =x" - rx+ 8

G E (X)) =x' — ax + 3
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3.2 Quadratic equations
The equation ax® + bx + ¢ = 0, where a # 0, is called a quadratic equation.

From Equation (3.2) the roots of this quaclratic cquutivn arc

-b \!;:’ = dac) on
If we denote these roots by a and B, then
ar® + bx + ¢ = a(x — a)(z - B}- (3.49)
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From Equation (3.3), or alternatively by equating coefficients of x' and x” in
Equation (3.4), we find

a+p=—bla, {3.52)
aff = ¢fa. (3.5b)

It follows immediately from Equation (3.5b) that, when the roots are real,
they are of the same sign if ¢ and ¢ are of the same sign. (From Equation
(3.5a) it follows that they are of different sign from b.) The roots are of
opposite sign il @ and ¢ are of eppostz sign.

The above analysis indicates the following:
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(b} Ifx) = x* — 5x + 6.
(i) f:(0) = 6.
(i) Az x — e, fy(x) —» 4w,

@ ) = - s+ 6m [ =504 (3] - (8) 46

yr

So fxyx) has a minimum value of -% when x = 3
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Alternatively we could write

L(x) = (x = Hix = 2)
P f{xy = Owhen x = 3 or 2.

The graph of fy{x) is shown in Fig. 3.5.





