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Example 7 Reduce the following surd expressions to their simplest form:
{a) V18, (b) 2v2AVIZ + V1), () (V5 + 1)(3VS + 2),

(d) V20 + V45 — V8O + /5.

{a) V18 = W(9 x 2 = 3v2 = v2.

(b} 2V2(V32 + V2) = 2VHaV2 + V) = 2VH5V2) = 20.

(© V5 + BVE+ ) =6 x5+ TV5 +.2 =32 + Vs

(d) V20 a5 ~ VBD + V5 = 23 + VS — 4VS + /5 = 1S,
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Surds

Centain numbers of the set of numbers defined by vVr, forx e Z*, have exact
numerical values, e.g. V1, V4, V9, V16, V25, ..... Other numbers of the
set, e.g. V2, V3, V5, cannot be written as numerically exact quantities, and
it is frequently more convenient 10 leave them in their basic Vi form. As
such, these numbers are called surds, and expressions involving them are
called surd expressions. 1t is desirable 10 write such expressions in their
simplest form. The examples below indicate how one should proceed. Two
basic rutes, derived from the rules of indices, are employed:
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Logarithmy

The term ‘logarithm’ is an alternative word for an index or power of a given
positive number base. For example, since 2* = 8, we definc the index 3 to be
the logarithm of § to the base 2 and write

3 = log; 8.
Further, using the rule of negative indices, ()™ = 9 and we may write
logys 9 = =2

The base of a logarithm may be any pasitive number. The tables of
commoen logarithms, which are sometimes used for calculations, have base
10. It is usual, when using common logarithms, to omit the base 10, and write
log or !g. In general,

=y r=logy.
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Example8 We remove the surds from the denominator in the foilowing sut¢!
expressions (this process is called rationalising the denominator):

2 2 2\/2 V2

@ ViE T3S, =5
(b) —V’Z 1
We make use here of the identity
(x = yx + y) = x? = y&
Multiplying numerator and denominator by \.,/2 + 1, we obtain

1 y2+1 _VI41
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Rationalising each term, we obtain .
VIVI+ D) VIV - 1) 3+\/3+3-va=3
WM-DVI+1) (VM+1V3-1) 2 2 '
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Example 11 Express in index form (a) logs 125 = 3, (b) log,s 100 = 2,
(c) logwe 6 =}, (d) log. 1 = 0, (e) log, y = z.

(a) logs 125 = 3 => §* = 125,
(b} log,g 100 = 2 = 10° = 100. -
(c) logss 6 = § > 362 = 6.
(dlog, 1 =0>a=1.

(e} log,y =z x' =y
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Rules of logarithms

(1) Additlon of logarithms
Iflog, x=mandlog,y = n, thenx' =4d",y = 2"
and : -
cap=dt X d =gt
> log(xy) = m + n.

Example 9 Express in logarithmic form (a) 5 =25, (b) 2° = 32, (©&=1,
(d) ()= 125, () 107% = 0-DL.

(a) 57 = 25> 2 = log, 25.
(b} 2° = 32> 5 = log; 32.
() 6°=1>0=1log 1.
) ()7 = 125> -3 = logy,s 125.
(e) 1072 = (-01 = ~2 = logyo 0-01.
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Example 10 Evaluate (a) log. 64, (b)-log,p 0-001, (c) log,, 4.

() Let x = log, 64 = 4" = 64 = &,
Comparing indices gives x = 3.

(b) Let y = logjp 0-001, > 1O = 0-001 = 1072
Therefore,

y= -2

(©) Letz = logipn 4> ()" =d =22 = (§)~2
Thercfore,

7= -2,
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logz=m=>am=x

m
log; = iogb(a ) =m logj

= logy = (loga) x (log})

i.e. to change the base of a logarithm of x from a to b'we multiply by log, 2.
If in this result we replace x by a, we get

logs a = (log, @) x {log, a).
Dividing by logs a, given that this is non-zero,
> 1=log 2,
and, if x = b,

log, b = 1 = (log, b) x (log, &).
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Therefore,
log(xy) = log, x + log, y.

(2) Subtraction of logarithms
Similarly,

xr_a -n
Yy FT
Hence,
X
log.,(;) = log, x ~ log, ¥.

{3 Lagarithm of powers of numbers
¥ m (g™ = g™V,
Hence, .
log, ¥ =mp = plog. r.
Therefore,

log, ¥ = p log, x.
t
(4) Change of hase of o logarithm

log, x mm =» ™= x.
log, x = log,(a™} = m log, a
= log, x w.{log, x) X (log, a),
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Example 13 Using only the rules of logarithms, find the value of
logy 125 x logs 9.

logy 125 X logs ¥ = logy 5* x logs 3
=3 logy 5 x 2 logs 3 = 6{log, 5)(togs 3}
=6logs 5 =6
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1.3 Tha logarithmic and exponential functions

In calcutus logerithms to a particular base are used. The logarithms are called
natural logarithms and the base is denoted by e. The numbere = 2-718280 8
and iy defined as that base for- which the function log. x has unit gradient at
x = 1, The standard notation is

F]Ogg"—"

loge x = Inx.

The function In x has domain R* and is called the logarithmic function. The
range of In r is A. Its inverse function is known as the sxponenrsial function,
exp x, which is denoted by . The domain of the exponential function is R
and its range is R”. To summarise,

y=hrxsx=e

The graphs of y = e* and y = In x are given in Fig. 1.5, Note that, since ¢*
and In x are inverse functions, their graphs are mirror images of each other in
the line y = 1 {shown dotted).
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Example 12 Simplify
(a) 4log, 2 + 2 log, 3,

15 5 16
(]J) nglg(a) -2 Iogm(a-) + lng(?),
(c) Alog, x + 2log, y — log, 1.

(a) 4log, 2 + 2log, 3 = log, 2* + log, 3* by rule (3),
= log, 16 + log, 9 = log, 144 by rule (1).

(b) ]ogm(“) -2 log,o(s) + Iog,u(%s)
= 108:0(5) - lo&w(‘;;) + 10810(%6) by rule (3).
Iogm(g x % X 1,76) by rules (1) and. (2),

ol

(c) 3log, x + 2 log, y — log, 2
= log, 1’ + log, y* - log, z by rule (3),

= log, "—:”3) by rules (1} and (2).
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Example 14 Simplify

. .
e’ —lne

T
We notice that In ¢ = |, and, since tn 1 = D, we have ¢! = ¢ = 1.
Theretore,
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