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Consider the set € whose elements are all possible or-
deced pairs z of real numbers: (a, 8), a €/, ER. Letva
inteatluce into this set the nation of equality of elelents
and define the basic arithimetic operations in the follow-
ing way.

Let 2 br an ordered pair (a,, b)), and z, an ordeced
pair (¢,, by). The ordered pairs z, and 3y are 3aid to be
equal (written: 2, = z,) if and only if 2y =ay, 3 =8,
In other words, z, = z, if and only if z, and z; represent,
the same ordered pair of real numbers.
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The sum z, + z, of ordered pairs z, = {a,, &) and
2, = (ay, b,) iy defined as an ordered pair (a, + a,,
by + b,). The product z,z, of ordered pairs 3 and g,
is defined as an ordered pair (a,2, — biby, aby + ba,).

For example, if 7, = (1, 2), z, = (5, —3), then z +
=145 2+ (=3) = (6 —1), 3z, = (1.5 —
2:(=3), 1-(—3) +2.5) = (11, 7). |

The diflerence z, — %, of ordered pairs z, and z, i3 de-
fined as an ordered pair (2, — a,, b — by). 1f al 4 b1 >
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Complex Numbers

See. 5.1, Complex Numbers and Operations on Them
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A set € of ordered pairs z = {a, b) of real numnbersa €
R, b £ I in which the notion of gquality and arithmetic
operations are intraduced by the above method is called
the set of complex numbers. Any element 3 = {a, B €C
is termed a compler number.

A complex number of the form (2, 0), where a iy a real
number, is identified with the real number a itself and
i denoted by the same letter, that is, we write (g, 0) =
a € R. In such ulentification, the operations oa real
numbers and complex numbers corresponding to them aro
agreed: if a, € /1, a, € R, then

{2y, 0 = (ay, O} =(2y £ 83 O) =0, a3
(2, 0)-{2,, 0y =(2,8,—0-0, 2,-0+0-a)
={a,a,, 0)=ayay;
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0, then the guotient 2 of ordered pairs 2, and 2, is defined
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as the ordered pair
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For example, if 2, ={0, 5) amt z={1, —2) then
{01, B (=2 =1 T
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V=2 , Z? =g.g") . n ) Y The complex number (0, 1) iscalled the imaginary unit;
it is denoted by i o
. an v = = (0, l)_
[urs \DJ)-.GOJ]JJ bl ks gode 7 =(a b) S
The complex oumber 0 = (0, 0) i3 called zero.

aoy 3L 45 a2 bl sde W\ 1) (—a, —D) Ll - The elements of the set £ are somelimes called simply.
. . . numbers (if it is clear that complex numbers are meant).

[Radalh (3._b) bl e "l“ru" e —z S yo The operations of finding the sum and difereuce of
— complex numbers z, and z, are called the addition and

¢ Izl Doy il 2 by el £ g 7 54 Bl subtraction of the numbers z, and z,, respectively, and
. .. . . the operations of finding the product and quotient of the
il haim 3o oyt 2= (A, b) B sde hadad complex numbers z, and z, the multiplication and division
—_ of the number z; by the number z,, respectively. The di-

T ) L TIRCIN R e V a'+b* vision of a complex number z by the complex aumher 0

13 not defined. The product of the complex numbers z,
_ e and z, is sometimes denoted by z, - z,. For any natural
z=(a,b) = ~z=(—a,-h), number n the power 2 of the complex number z i3 dster-

mined by induction in the following way: zt ==z, " =

— — 2.3 n > 2.
z=(a,—b) If z = (a, b} is a complex number, then the complex
S— number {—a, —b) is said -to be oppesite to the complex
IZI =V El""-,—b‘r number z and is symbolized a3 —z. The complex number
(a3, —b) is t.al[ed the compler conjugate of the number 2
i S 1L is denoted by z. The modulus | z | of a complex number
\ Iz ={u, ) =« €M then 2] = V“'_T Vi =, = {a, b) is defined as a nonnegative real number
that is, the wodidus of a complex number identified with
a real number g is equal to the absolute value of the real Va* + 5% Thus
nontmber a, ' ' -
Example 5.1.1. Prove that if 2 = —z, then z =0, if i=(, b)) >—z=(—a, —b), z=(a, =0},
: =z then z € fi. lzl=V2F0.

A Letz = {a, b), 2 = —z, that is, {a, b) = (—a, —b).
By the definition of et[uahts nf complex numbers, a

—i, b=—=bh, 2a=2b=1). Thus, a=6=0, : . i -

{a, b) = {0, 0) = 0. 1l bt g 5o SASIN 32t 4 (0 1) Jaliine 3
If z =z, that is («, b) = {a, —b), then ¢ = a, b '

—b. In this case 26 =0, b = 0. This means that z
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A b)) =(a, 0) =aER A i=(e\}
Example 5.1.2. Prove that for any real numbers ¢ and
d {d#=0) and any complex number z = {2, b) the : sl ; _ [rna 326
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(—V)z=((—1)a,(—1\)-b)=

(—a,—b)=-z

z 'ab

T=(‘—.\-)=(a,b)=z
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b
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Example 5.1.3. Prove that for any complex numbers
z, = (g;, &) and 2z, = (g;, b;) the following relation-

ships are fulfilled (here and henceforward, the operations
in the parentheses are to be performed first): :

z,—z,-:z,j-(—:,_); _ (5.3)
' 1 H z I+
a#oj-::i::’l"?t:i:al"' (5-4)

A fodeed, 24 (—z2)=(a. &) +(—m — J=la,+
(—a), bt (—b)y=la,=ay by—b,) =z —z,.
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Example 5.1.4. Prove that for any complex number

= {(a, b} the following equality is fulfilled:

:=a+ bi. (5.5)

Conversely, if 2 and & are real numbers and z =« T bi,
then z = (g, b).
El If a E 1, b € A, then, by the formula (3.1), bi =
-0, 1) = (b N, &.1) = (0, 8. Therefore a +
b:—-(a O+ 0 8)=(a+0, 040 = (q, b).

The notation (5.5) of a complex number z = (a, §)
is called the algebraic form of the notation of the number z.
The numbers a € R and b € A in the algebraic notation
{5.5) of the complex number z are given specific names.
The number ¢ is called the real part of the complex number

z {written: @ = Re z), and the number b the amagmar_/
prrrf. of the complex number z (written: & = Im z).
iz readily rhecked Lhat

Re (z 2 2,) =

Im(z, &£ z,) =

Rez; 4+ Rez,,
=Imz, £ Im z,,

bl sde neslSla aSass e, gy Sl
=(a, b)
el Sl gy pd gl
Z=a-}bi (8)
ol z=a~+bi s i~ galael baa 51 Ko,
-z=(a,b) @i
‘(1) drpels ieus e < beR waeR 5
bi=b-(o,V)=(b-o b-1)=(s b)
| fol by
a+bi=(a,o)+(°,b)=(a+s,c+b)=(a,b)
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Re(z,+z,)=Rez,+Rez,

Im(z, +2,) = Im z, £-Im z,
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Further,
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If Im z = 0, then, as we agreed above, the number z =
a4-0.i={(a 0) iz a real number a. The complex
nemhers 2 = (0, b} =0 4 bi = bi, whosc real part is
erqual to zern, are called pure imaginary. The nnmber
) = 0 -+ G is both real and pure imaginary at the same
time,

In what follows the notation (5.5) will be understond
only as an algebraic notation of the complex number
z = (a, b), that is, the numbers @ and b in the notation
(5.9) will be regarded only as real numbers, althnugh it
will not be stipulated.

It i3 obvious \Lhat if 2z ={a, ) =a + bi, then z =
a — bi.
Example 5.1.5, Prove that
{22 —1 (5.6)
At=i-i=={0, 1)-(0, 1)={0-0—1.1,
0- 141 W (=1, 0= —1.
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uawwli'!ra ¢ s o8 A 5T 03 0= o -0 e
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F=ii=(o \)(o,))=(cr0o =11 001 0)

=(—\,°)=-—\ A





