(If, a5 some do, we wrote the arguments of our functions on the left, we would denote
the same composition as f @ ¢ and define it as ((a)f )g. See (18).)

103y You have seen the compositian of functions before, as for example log(1 + x),
which is the composition of the logarithm function g with the function f defined by
the rulef{r) = 1+ x foral} real x > —1. Here is another example: 2 pregram (f) that
acts on the input () to produce a value (f(a)), which is then taken as the input to a
subroutine (g},
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The chain rule in caleulus tells you how to get the derivative of a composition of
functions g ¢f in terms of the derivatives of the functions f and 2. In our notation, if
the prime ' denotes derivative, the chain rule is

@ofY =ig'ef)-f.
Thus to find (sin® x) we have, forall x € R,
gl):= 2t
fix):= sinx.

Then (gof)x} : = g{f(x)) = glsinx) = {(sinx) =:sin’ x, Thederivatives: g (x).
and f'(x) = cosx. By the chain rule {g’o fix):= g'(f(x}} = g'lsin1) = 25mx
multiply these by f'(x} = cos x ta get the result sin’x) = 2sinxcosx. - .

10, Composilion of Functions

Suppose there are two functions f : X — Y and g : ¥ — Z in which the domain of
2 is the codomain of f. Then we denote the composition of these two functions as
£9f,afunction mapping X to Z defined as follows:

(0.1 ¥z € X, (g of)ie) 1= gtf ().

1015
x \*J z

(12} The notation g © f may seem backward, but it is necessary because we put
the argument of the function on the right-hand side. From the sketch (10.1F) you see
that f is the function we must apply first. From z we go to f(a). From {2} we go to
8{f (2)). We call this function g o and write

gef:X— 2,
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Let us prove the claim {10.6) of equality between functions. We have just
observed that both have the same domain and codomain. We now must show that

0.7 VCC Y. 0 = (Flog O,
We can transform the left side of (10.7) into the right side more easily than you
might think;
G 0= {gaeX o EC)
= {ma€ X g(f)eC]
= {meE X, [l EFC))
= {maeXeef NG CH}
= (Frog MO
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{gof )(x) = g(f(x)) = g(sinx) = (sin ):L)‘f =:sin' x.

P , F'(x)=cosx.
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(g’of)(x) = g"(f(x) =g'(sinx) = Ysinx
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(sin” x)’ = Ysinx cos x :JU_!U-

Proposilion (10.4) The composition of injections {surjections] is injective [surjec-
tive).'a
The proof, omitted here, is a nice exercise,

Corollary (105} The campasition of bijections is a bijection.

| (Yo.¥)u a8

S S b L] S o Sy glgal - S 5

i wil g g e S OU ] o asb o [y ]
) 25

(Y o .0) anas

B &rpcl]«-igd_;up—dl-d-".b—ﬁ":sf

Proposition (10.6)  The inverse of a composition is the compasition of the inverses in
reverse order:

o =Freg.
Proof ‘Notice first that this ctaim makes sense, becouse (§57) . with the

above choice of notation in (10.1F) for domains and codomains, is a function from
%(Z} to P(X), and 7' maps PZ) to P(Y), and f ! maps P(Y) to P(X).
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1. Rules of inference

2. Argument

3. Modus Ponenes

4. Rules of Detachment
5. Valid arguments

6. Proof

7. Law of the Syllogism

8. Modus Tollens
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