A first course in

Number theory

l e 95008 @@ﬂ-@&m@@ﬂwﬁ'@b

(VO) 2Ly 050 aan 5 i ) 0]

Pt

«5::" - J Ve

Wwant. s0 at some point in our argument we have 1o get bd into the act. The
quantity b appears in the assumption ml{& — ¢), so we can claim thas midib — ¢}
= tbd — cd), using the appropriate property of the divisibility symbol; and
now ntlibd ~ ed) invalves the quantity bd. Siniilarly, we deduce that mjc(d — e)

= cd — ce from the assumpiion ml{(d — £}. We now have m|(bd ~ cd) and
ml(cd — ce), and so m|tbd — ce) {why?} as required.
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Theorem 3.1.2:  Assume that all symbols used are integers and that m > [,

i Hb=ctmodm)andd = e {mod ), thenb + d=¢ + ¢ {mod m).
2. Ifb=c(modm)andd = ¢ (mod m), then b -~ d = ¢ — ¢ (mod m).
3. Wb = ¢ (mod m) and = e (mad m). then bd = ce (mod m).

4. If kb = ke (mod m), then & = ¢ (mod mik, m}).
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Proof of Part 3:  As in the proof of part 3 of Theerem 3.1.1 (and for the same
reason), we immediately convert our congruence problem into the corresponding
divisibility problem; i.e., if m{(6 ~ c) and ml{d ~ ), then we need 1o conclude
that s|{bd — ce). The quaniity bd appears in the statement of the conclusion we
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Proof of Partd;: We arc assuming that mi(kb — kc) = k(b — c)or, equivalently,
mi(k, m){k(b — c)lk, m) = (ki{k, m)Hb — c}. (Give a reason justifying this
last step.} Now (m/(k, m}, &/(k. m}) = 1, so Theorem 1.2.1 on page 10 allows
us to conclude that m/(ky m)[(b — c). In congruence notation, mi(k, mjté — c)
is b = ¢ {(mod m/(k, m)), nnd so we are done.
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Remarks

1. An informal way of cxpressing the first three parts of the theorem just proved
is to say that congrucnces cun be added. subtracted. and muliiplicd weether.
Please notice, however. that the moduli ot the two input congruences don't
ger added, subtracted, or muluphed rogerther! The modulus of the output
congruence is the »aine as the ﬂ'l(“lhlhl.\' of cach of the 1w o input congrucaces,

2. Part 4 of the theurem just proved 1s by way of a warning that the procedure
of division in g congruence isp't as straigbttorward as are addition, suhtracnien.
and mukiplication. For instance. it muy be wempting i) o conclude, on the
busis of the wssumption kb = ke (mewd ), that b = ¢ (mod o, hat this
conclusion cannot in general be drawn (proot™).
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