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1.0 Quadratic equations

If y > 0, the equation x* = y has two solutions, We denote the positive
solution by »/y. The neganive solution is therefore — v/». We note again that

there is no ambiguit
=V
The general quadratic equation has the form
ax?+px+e = 0

¥ abaut these symbols and that ++/y simply means ‘+/y or

where a # 0. Multiply through by 44, We obtain
4g%x* + dgbx + dac = 0
(2ax +5)* —b? +49c = 0
(2ax + bY = p? —4ac,

It followy that the quadratic equation has no real solutions if 4 — dac < Q,
one real solution if 5 — 4¢c = 0 and two real solutions if b% — dar > 0. IF
b2~ dacmQ,

Zar +b = £ /(b —dac)

o —bt V(b2 —dac)
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The roots of the ¢quation ax? + &x + ¢ = 0 are therefore

_ =5 =6 —4dac)
B 2a

_ —b + (b? —dac)
- 2a
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It is a simple matter 1o check that, for all values of x,
ax®+prte = gfx —a){x—8).

With the help of this formula, we can sket

ch the graph of the equation
yY=ax®+px +c.

y =axt+hbx+e ).=a;’+bx +c
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1.14  Modulus L

Suppmelhnxi:angl bes. Il madutus (or absolute value) ix] is
defined by ’ '

L Y
x (x»0)

lx) =

—x (x<0). ¥y =|xt

0 x

Thus (3| = 3, |—6| = 6 and |0] = 0. Obviously |x| » O for all values of x.
It is snmetimes useful 1o note that | x| = Vx4,

1.15 Theorem For any real number x,

—x] & x < x|,

Proof Eitherx » 0 or x < 0. In the fint case, —Ix] K0 £ x = |x|. In
the second case, — x| = x <0 < |x|.

LI6 Theorem For any real numben a snd &

lat| = lal.{&l
Proof The most elegant proofl is the following.

labl = BT = Va2 = Vo). VB = lal.1bl.
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1.11 Example A nice application of the work on quadratic equations
described above is the proof of the important Couchy-Schwarz inequaliry . This
asseris that, ifay,ay,.. ., a, and &;,55,..., &, are any real numbers, then

@by +aby+ .. +ap,)P < (i +ai+.. . +a3ypi+o3+ . +bY). -

Froof Forany x,

O (@x+b) +{ax+b,0 + ... +(aux + 5,
= (af+...+a:)x'+z(a.b.+...+a,.b,.)x+(b.’+...+b,'.)
= Ax’+ 28x 4+ C

Since ¥ = Ax? + 28x + C 3 0 for al! values of x, it follows that the equation
Ax®+ 28x + € = 0 cannot have two (distinct) roots. Hence

(2B —4ACK0

ie, B & AC

which is what we had to prove.
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(a\by +ayby +---+a,b ) <(af +ay +---+a))
X(by + by +---+b})

relax ply o)
*<(aX+by) +(ayx +by) 4+ +(a,x+b, )
= (af+---+a‘,‘,)x'r +Y(a,by+- -+anbn)x+(b:+-- -+b:,)
=Ax" +YBx+C
LJ‘-‘ .y=Axr+YBx+C Zo x;;&hd\ju_ﬂ.





